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Abstract
Let X be a smooth, closed, connected spin 4-manifold with b1(X) = 0. Assume that τ :X→ X
generates a smooth Z/2p-action that is spin and of even type. In this article we show that under some
non-degeneracy conditions the following inequality between the positive part b+2 (X) of the second
Betti number and the signature σ(X) of X holds: b+2 (X)> |σ(X)|/8+ p+ 1.
As an application, we will give classifications of spin, even Z/4-actions on homotopy K3, S2 ×
S2,K3#S2 × S2, and K3#K3 surfaces. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let X be a smooth, closed, connected spin 4-manifold. We denote by b2(X) the second
Betti number and denote by σ(X) the signature of X. The following conjecture, credited
to Kas and Kirby [7], is well known and has been called the 118 -conjecture:
b2(X)> 118
∣∣σ(X)∣∣. (1.1)
All complex surfaces and their connected sums satisfy the conjecture (see [12,11]).
From the classification of unimodular even integral quadratic forms and the Rochlin’s
theorem, for the choice of orientation with non-positive signature the intersection form of
a closed spin 4-manifold X is
−2kE8⊕mH, k > 0,
where E8 is the 8× 8 intersection matrix and H is the hyperbolic matrix
( 0 1
1 0
)
.
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Thus,m= b+2 (X) and k =−σ(X)/16 and so the inequality 1.1 is equivalent to m> 3k.
SinceK3 surfaces satisfies the equality with k = 1 andm= 3, the coefficient 118 is optimal,
if the 118 -conjecture is true.
Donaldson has proved that if k > 0 then m> 3 [4]. In 1995, using the Seiberg–Witten
theory introduced by Seiberg and Witten [13], Furuta [8] proved
b2(X)> 54
∣∣σ(X)∣∣+ 2.
This has been dubbed as 108 -theorem. In fact, if the intersection form of X is definite,
i.e., m = 0, then Donaldson proved that b2(X) and σ(X) are zero [4,5]. Thus, Furuta
assumed that m is not zero. He also assumed without loss of any generality that b1(X)= 0
by a surgery argument. Throughout this paper we will also assume that m is not zero and
b1(X)= 0, unless stated otherwise.
A Z/2p-action is called a spin action if the generator of the action τ :X→X lifts to an
action τˆ :PSpin→ PSpin of the spin bundle PSpin. Such an action is said to be of even type
(or even) if τˆ has order 2p and is said to be of odd type (or odd) if τˆ has order 2p+1.
In his paper [2], Bryan (see also [6]) improved the above bound by p under the
assumption that X has a spin, odd-type Z/2p-action satisfying some non-degeneracy
conditions analogous to the condition m 6= 0.
More precisely, he proved
Theorem 1.1 (J. Bryan [2]). Let X be a smooth, closed, connected spin 4-manifold with
b1(X)= 0. Assume that τ :X→X generates a spin smooth Z/2p-action of odd type. Let
Xi denote the quotient of X by Z/2i ⊂ Z/2p. Then, we have
m> 2k+ p+ 1, (1.2)
provided
(1) b+2 (Xp) > 0,
(2) b+2 (X) 6= 2k + b+2 (X1), and
(3) b+2 (Xp−l−1)− b+2 (Xp−l ) 6= 0 for l = 0,1, . . . , p− 2.
Remark 1.2.
(1) In [6], Fang assumed slightly weaker conditions to show the above bound.
(2) In case p = 1 and the action is of even type, Bryan [2] showed the above bound
under some non-degeneracy conditions. In fact, his result is a corollary to the
Theorem 3.1.
One of the main purposes of this paper is to give the same bound 1.2 for smooth, spin,
even-type Z/2p-actions (p is not necessarily prime) on X satisfying some non-degeneracy
conditions analogous to Bryan’s (see Theorem 3.1 for the precise statement). The method
of this paper originates in Bryan’s.
More precisely, our main result is Theorem 3.1; one special case that is particularly
interesting is the following:
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Theorem 1.3. Let X be a smooth, closed, connected spin 4-manifold with b1(X) = 0.
Assume that τ :X→X generates a spin smooth Z/4-action of even type. Let Xi (i = 1,2)
denote the quotient of X by Z/2i ⊂ Z/4. Then, we have
m> 2k+ 3,
provided
(1) b+2 (X2) > 0,
(2) b+2 (X)− b+2 (X1) 6= 0, and
(3) b+2 (X1)− b+2 (X2) 6= 0.
As an application of Theorem 1.3, we will give classifications of spin, even Z/4-actions
on homotopyK3, S2× S2,K3#S2× S2, and K3#K3 surfaces. However, we do not know
whether or not all the cases in the classifications can occur (see Section 4 for more details).
To state the application, we need some notations. A closed, smooth 4-manifold Y is
called a homotopy X if Y is homotopy equivalent to X. For an orientation preserving
isometry τ :X→X, consider the differential
dτP :TPX→ TPX
at a fixed point P . Then, dτP will be an isometry, and when we decompose TPX into a
direct sum of two orthogonal planesEk (k = 1,2) which are stable under dτP , dτP is given
by rotations through θk in Ek , relative to some oriented basis. We call the resulting set of
angles (θ1, θ2) a coherent system for dτP . Note that all possible coherent systems for a spin,
even Z/4-action, are (pi/2,pi/2) or (pi/2,−pi/2) (see Section 4 for more details). Let µ1
and µ2 be the number of fixed points with coherent systems (pi/2,pi/2) and (pi/2,−pi/2),
respectively. Then, among other classifications we have the following classification of spin,
even Z/4-actions on homotopyK3 surfaces.
Theorem 1.4. Let X be a homotopy K3 surface, and let τ generate a smooth Z/4-action
on X. Define X1 and X2 to be the quotient of X by the group generated by τ 2 and τ ,
respectively. Let N1 be the number of the fixed points under τ 2. Then, one of the following
is true:
(1) The action is odd and b+2 (X1)= b+2 (X2)= 1.
(2) The action is even, N1 = 8, b+2 (X1)= 3, and one of the following is true:
(a) b+2 (X2)= 3 and (µ1,µ2)= (0,4).
(b) b+2 (X2)= 1 and (µ1,µ2)= (0,0), (2,0), (4,0), (6,0), or (8,0).
We organize this paper as follows. In Section 2, we give some preliminaries to prove the
main theorem. We refer the reader to the Bryan’s excellent exposition [2] for more details.
We will give a proof of the bound (1.2) for spin, even Z/2p-action on spin 4-manifolds
under some non-degeneracy conditions in Section 3. In Section 4, as an application we
will give classifications of spin, even Z/4-actions on homotopyK3, S2×S2,K3#S2×S2,
and K3#K3 surfaces.
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2. Notations and preliminaries
This section largely depends on Bryan’s paper [2].
Throughout this paper, we assume that τ :X → X is an orientation preserving
diffeomorphism generating a Z/2p-action and fix a Riemannian metric invariant under the
action. If τ :X→X is a spin action, then the action τ lifts to an action τˆ :PSpin→ PSpin
of the spin bundle PSpin. We thus have also an induced action on the spinor bundles S+
and S−.
We assume that we have completed every Banach spaces with suitable Sobolev norms.
Let 6D :Γ (S+)→ Γ (S−) be the Dirac operator, and ρ :Λ∗C→ EndC(S+ ⊕ S−) be Clifford
multiplication. The Seiberg–Witten equations on a spin 4-manifold X for the trivial spinC
structure are
6Dφ + ρ(a)φ = 0, ρ(d+a)− φ ⊗ φ∗ + 12 |φ|2id= 0, d∗a = 0
for a pair (a,φ) ∈√−1Ω1(X)× Γ (S+).
Let
V = Γ (√−1Ω1(X)⊕ S+),
W ′ = Γ (S− ⊕√−1su(S+)⊕√−1Ω0(X)).
We can think of the equations as the zero set of a map
D+Q :V→W,
where
D(a,φ)= ( 6Dφ,ρ(d+a), d∗a),
Q(a,φ)= (ρ(a)φ,φ⊗ φ∗ − 12 |φ|2id,0),
andW is defined to be the orthogonal complement to the constant functions inW ′.
Now, it is time to describe the group of symmetries of the equations. Let Pin(2) denote
the normalizer of S1 in SU(2). If we think of SU(2) as the group of unit quaternions
and take S1 as the elements of the form exp(θ
√−1), then Pin(2) is generated by J and
exp(θ
√−1). Since S± areH-bundles, Pin(2) acts naturally on Γ (S±) from the left. Pin(2)
also acts on Ω∗(X) as follows:
exp(θ
√−1)(ω)= ω and J (ω)=−ω for ω ∈Ω∗(X).
Then, both D and Q are Pin(2)-equivariant maps. The isometry τ also acts on V and
W , and if the action is of even type, D and Q are Pin(2)× Z/2p-equivariant maps. Let
G= Pin(2)×Z/2p . Note that the index indGD =Ker D−CokerD is a real G-module.
Now, we define Vλ to be the subspace of V spanned by the eigenspaces of D∗D with
eigenvalues less than or equal to λ ∈ R. Similarly, defineWλ using DD∗. The virtual G-
representation
[Vλ⊗C] − [Wλ ⊗C] ∈ R(G)
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is the G-index of D and can be determined by the G-index theorem and is independent of
λ ∈R, whereR(G) is the complex representation ring ofG. In particular, since V0 =Ker 6D
andW0 = Coker 6D ⊕Cokerd+, we have
[Vλ⊗C] − [Wλ ⊗C] = [V0 ⊗C] − [W0⊗C] ∈R(G).
Note that Cokerd+ =H 2+(X,R).
The representation ring R(Z/2p) of Z/2p is isomorphic to the group ring Z(Z/2p),
and as a Z module R(Z/2p) is generated by ξ satisfying the relation ξ2p = 1, where ξ
is the standard 1-dimensional representation. We denote by 1 the trivial representation,
by 1˜ a non-trivial 1-dimensional representation of Pin(2), and by hi (i = 1,2, . . .) the
2-dimensional representations of Pin(2). The representation h1, usually denoted h, is
the restriction of the standard representation of SU(2) to Pin(2) in SU(2). Then, letting
h0 = 1+ 1˜, the representations hi can be given by the relation
hihj = hi+j + h|i−j |. (2.1)
In case of G = Pin(2) × Z/2p , the representation ring R(G) is the tensor product
R(Pin(2))⊗ R(Z/2p) and so R(G) is generated by 1, 1˜, hi and ξ satisfying the relations
ξ2
p = 1 and (2.1). Thus, a general element α in R(G) is
α = α0(ξ)+ α˜0(ξ)1˜+
∞∑
i=1
αi(ξ)hi ,
where α0, α˜0, αi are polynomials of degree 2p − 1 with integer coefficients.
Let φ denote the standard 1-dimensional representation of S1. Note that R(S1) =
Z[φ,φ−1] and hi restricts to φi + φ−i as an S1 representation.
Furuta showed that under the restriction map r :R(G)→ R(Pin(2))
r(IndD)= 2kh−m1˜. (2.2)
Thus, in the presence of Z/2p symmetry on X we have
Ind (D)= s(ξ)h− t (ξ)1˜,
where
s(ξ)=
2p−1∑
i=0
siξ
i and t (ξ)=
2p−1∑
i=0
ti ξ
i .
From (2.2), note that
s(1)=
2p−1∑
i=0
si = 2k and t (1)=
2p−1∑
i=0
ti =m.
It follows from the definition of the operator D that the polynomial t (ξ) is the honest
Z/2p-representation
Coker
(
(d∗, d+) :Ω1(X)→Ω0⊥ ⊕Ω2+
)
,
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where Ω0⊥ denotes the L2-orthogonal complement of the constant functions. Thus, b
+
2 of
the quotients of X by subgroups of Z/2p is given by
b+2 (Xj )=
∑
i≡0 mod 2j
ti , (2.3)
where Xj is the quotient of X by Z/2j .
Again from the definition of the operator D, it is obvious that the term s(ξ)h is the
G= Pin(2)×Z/2p-representation
[Ker 6D⊗C] − [Coker 6D⊗C].
In order to show Furuta-type inequalities for spin, even-type or odd-type Z/2p-actions
(if the action is of even type we need to assume p = 1) on spin 4-manifolds, Bryan only
needed information about the ti coefficients, i.e., the relation (2.3) between the second Betti
numbers of the quotients of X by subgroups of Z/2p and the ti coefficients. On the other
hand, in our case where the Z/2p-actions are of even-type and p > 2 we will also need
some information about the si coefficients, i.e., some information about the kernel and the
cokernel of the Dirac operator 6D, and Lemma 3.3 exactly will give us the information we
need.
Now, it is time to introduce tom Dieck’s trace formula [3] which is one of the key
ingredients in the Bryan’s proof. We will briefly explain this. Let V and W be complex
representations for some compact Lie group K . Let BV and BW denote balls in V and W
and f : BV→ BW be an K-map preserving the boundaries SV and SW. Let Vg and Wg
denote the subspaces of V and W fixed by an element g ∈ K , and V ⊥g and W⊥g denote
the orthogonal complements. Let f g :Vg→Wg be the restriction map of f , and let d(f g)
denote the ordinary topological degree. When dimVg 6= dimWg , d(f g)= 0. For α ∈R(K)
we denote by λ−1α the alternating sum
∑
(−1)iΛiα of exterior powers. Then, T. tom
Dieck’s trace formula is stated as
trg(αf )= d(f g) trg
(
λ−1(W⊥g − V ⊥g )
)
,
where αf is the K-theory degree of f and trg is the trace of the action of g ∈K . We remark
that for a sufficiently large λ ∈ R we have such a map fλ :B(Vλ ⊗ C)→ B(Wλ ⊗ C)
preserving the boundaries which comes from the Seiberg–Witten equations by Furuta [8].
In Section 3, we will write V and W for Vλ⊗C andWλ ⊗C, respectively.
Finally, note that λ−1µ= (1−µ) and λ−1ρ = (2−ρ) for 1-dimensional representations
µ and 2-dimensional representations ρ coming from an SU(2) representation.
3. Spin, even Z/2p-actions on spin 4-manifolds and 118 -conjecture
Let K=Ker 6D⊗C and L= Coker 6D⊗C. Let ν ∈ Z/2p be a generator. Since Jν acts
C-linearly on K and L, and (J ν)2p = 1 (p > 2), we can consider ζ r -eigenspaces of Jν of
K (respectivelyL), denotedKr (respectivelyLr ), where ζ = e2pi
√−1/2p and r = 1, . . . ,2p .
We define
δ(r)= dimCKr − dimCLr ,
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and
ε(l)=
2l∑
n=1
δ
(
2p−l−2(2l + 2n− 1)), l = 0,1, . . . , p− 2.
The main result of this section is the following
Theorem 3.1. Let X be a smooth, closed, connected spin 4-manifold with b1(X) = 0.
Assume that τ :X→X generates a spin smooth Z/2p-action of even type. Let Xi denote
the quotient of X by Z/2i ⊂ Z/2p. Then, we have
m> 2k+ p+ 1,
provided
(1) b+2 (Xp) > 0,
(2) b+2 (X) 6= b+2 (X1), and
(3) b+2 (Xp−l−1)− b+2 (Xp−l ) 6= ε(l) for l = 0,1, . . . , p− 2.
It is obvious that when p = 1 we do not need condition (3) in Theorem 3.1. Thus, we
have the following
Corollary 3.2 [2, Theorem 1.3]. Let X be a smooth, closed, connected spin 4-manifold
with b1(X)= 0. Assume that τ :X→X generates a spin smooth Z/2-action of even type.
Then, we have
m> 2k+ 2,
provided
(1) b+2 (X/τ) > 0,
(2) b+2 (X) 6= b+2 (X/τ).
Now, we prove Theorem 3.1.
Proof of Theorem 3.1. In this case, since the action is of even type, the group is
G=Geven = Pin(2)×Z/2p . Thus, we have
[V ] − [W ] = s(ξ)h− t (ξ)1˜ ∈ R(G),
where
s(ξ)=
2p−1∑
i=0
siξ
i and t (ξ)=
2p−1∑
i=0
ti ξ
i .
We first need the following lemma;
Lemma 3.3.
(1) For 16 r 6 2p,
δ(r)=
∑
j≡±2p−2+r rmod 2p
sj . (3.1)
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(2) For 06 l 6 p− 2,
2l+1∑
n=1
s2p−l−2(2n−1) = ε(l).
Proof. (1) Since the 2-dimensional representation h decomposes into two complex lines
on which J acts as
√−1 and−√−1, one-dimensional subspace of one of the components,
ξ ih, in s(ξ)h is in the ζ r -eigenspace of Jν if and only if
exp
(
2pi(j ± 2p−2)√−1
2p
)
= exp
(
2pir
√−1
2p
)
.
This implies that j ≡±2p−2+ r mod 2p . Thus, the dimension of the ζ r -eigenspace of Jν
in s(ξ)h is the left-hand side of Eq. (3.1), which is equal to the δ(r) by definition.
(2) Note first that δ(r) always has only two terms. Since
δ
(
2p−l−2(2l + 2n− 1))= s2p−l−2(2n−1) + s2p−l−2(2(2l+n)−1)
for 16 n6 2l , it is immediate that
ε(l)=
2l∑
n=1
δ
(
2p−l−2(2l + 2n− 1))
=
2l∑
n=1
(
s2p−l−2(2n−1) + s2p−l−2(2(2l+n)−1)
)
=
2l+1∑
n=1
s2p−l−2(2n−1),
which completes the proof. 2
Recall that the K-theory degree α = αλ of fλ is of the form
α = α0(ξ)+ α˜0(ξ)1˜+
∞∑
i=1
αi(ξ)hi . (3.2)
Let φ be an element generating a dense subgroup of S1 of Pin(2) in G. We will then
prove
trφνj (α)= 0, j = 0, . . . ,2p − 1. (3.3)
In fact, since φνj acts non-trivially on every ξ ih and trivially on 1˜, we get
dim(V −W)φνj = dim
(
s(ξ)h− t (ξ)1˜)
φνj
6−t0 < 0,
since t0 = b+2 (Xp) > 0. Thus, we get the desired equalities (3.3).
Now, in order to show that dim(V −W)
Jν2l
6= 0 for l = 0,1, . . . , p− 1, note first that J
acts on h by ±√−1. Thus, dim(ξ ih)Jνj = 1 if and only if νj acts on ξ i by ±
√−1. This
is equivalent to saying
ij ≡±2p−2 mod 2p. (3.4)
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Then, we have the following lemma;
Lemma 3.4.
(1) dim(s(ξ)h)
Jν2l
= ε(l) for l = 0,1, . . . , p− 2.
(2) dim(s(ξ)h)
Jν2
p−1 = 0.
Proof. If j = 2l for l = 0,1, . . . , p− 2, we see from (3.4) that
i ≡±2p−l−2 mod 2p−l,
which implies that i = 2p−l−2(2n− 1) for n= 1,2, . . . ,2l+1. Hence, we have
dim
(
s(ξ)h
)
Jν2l
=
2l+1∑
n=1
s2p−l−2(2n−1) = ε(l),
where we used Lemma 3.3(2).
If j = 2p−1, then it follows from (3.4) that
2i ≡±1 mod4. (3.5)
It is obvious that there is no i (06 i 6 2p − 1) satisfying (3.5), completing the proof. 2
Lemma 3.5.
dim
(
t (ξ)1˜
)
Jν2l
= b+2 (Xp−l−1)− b+2 (Xp−l ) for l = 0,1,2, . . . , p− 1.
Proof. Since J acts on 1˜ by −1, dim(ξ i 1˜)J νj = 1 if and only if νj acts on ξ i by −1. This
is equivalent to saying
ij ≡±2p−1 mod 2p. (3.6)
Thus, if j = 2l for l = 0,1, . . . , p− 1, then from (3.6) we have
i ≡ 2p−l−1 mod 2p−l .
This implies that i = 2p−l−1(2n− 1) for n= 1,2, . . . ,2l−1.
Hence, we have
dim
(
t (ξ)1˜
)
Jν2l
=
2l−1∑
n=1
t2p−l−1(2n−1),
which is equal to b+2 (Xp−l−1)− b+2 (Xp−l ) by (2.3). 2
Now, we return to the proof of the main theorem. If j = 2p−1, then we have
dim(V −W)
Jν2
p−1 = dim(s(ξ)h− t (ξ)1˜)
Jν2
p−1
=−
∑
i=odd
ti 6= 0,
since b+2 (X)=
∑
i ti 6=
∑
i=even ti = b+2 (X1).
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On the other hand, if l = 0,1, . . . , p− 2, then by Lemmas 3.4 and 3.5 we have
dim(V −W)
Jν2l
=
2l+1∑
n=1
s2p−l−2(2n−1) −
2l−1∑
n=1
t2p−l−1(2n−1)
= ε(l)− (b+2 (Xp−l−1)− b+2 (Xp−l )) 6= 0
by hypothesis.
Thus, we see that
tr
Jν2l
(α)= 0, l = 0,1, . . . , p− 1. (3.7)
Finally, since J acts non-trivially on both V and W , we have
trJ (α)= trJ
(
λ−1(W − V )
)= trJ (λ−1(m1˜− 2kh))
= trJ
(
(1− 1˜)m(2− h)2k)= 2m−2k. (3.8)
Now, using Eq. (3.3), we get
0= trφνj (α)
= trνj (α0 + α˜0)+
∞∑
i=1
trνj (αi)(φ
i + φ−i )
for j = 0, . . . ,2p − 1.
Since each φi -term must vanish separately, we see that α0 + α˜0 ≡ 0 and αi ≡ 0 for all
i = 1,2, . . . by the following simple lemma;
Lemma 3.6. Let β(ξ) be of the form ∑2p−1i=0 βiξ i in R(Z/2p). If trνj (β) = 0 for j =
0,1, . . . ,2p − 1, then β is identically zero.
Proof. Let β˜(x) = ∑2p−1i=0 βixi . Since β˜ is a polynomial of degree 2p − 1 and by
hypothesis has roots at all of the 2pth roots of unity, β ≡ 0. 2
Therefore, we have
α = α0(ξ)(1− 1˜).
Finally, we need one more algebraic lemma;
Lemma 3.7. Let f (x) = ∑2i−1−1l=0 nlxl be a polynomial of degree 2i−1 − 1 in Z[x].
Suppose that f (exp(2pi
√−1/2i ))= 0. Then, f is identically zero.
Proof. We will prove the lemma by contradiction. Suppose that f is not identically zero.
Let ζi = exp(2pi
√−1/2i ). Let Q(ζi) denote the algebraic extension of Q by ζi , and let
[Q(ζi) : Q] denote the degree of Q(ζi) of Q. Since f (ζi) = 0, f (x) is a polynomial of
degree 2i−1 − 1 in Q[x], and ζi is a primitive 2i th root of unity, it is easy to see that
2i−1 = [Q(ζi) :Q]6 2i−1 − 1.
This is a contradiction, completing the proof. 2
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Let α0(ξ)= α00 + α10ξ + · · · + α2
p−1
0 ξ
2p−1
, and let
ζi = exp
(
2pi
√−1
2i
)
.
Since ν2p−i (i = 1,2 . . . , p) acts on ξ by ζi , it follows from (3.7) that we have
0= tr
Jν2
p−i (α)
=
( ∑
j≡0
mod 2i
α
j
0 −
∑
j≡ 2i−1
mod 2i
α
j
0
)
+
( ∑
j≡0
mod 2i
α
j+1
0 −
∑
j≡2i−1
mod 2i
α
j+1
0
)
ζi
+
( ∑
j≡0
mod 2i
α
j+2
0 −
∑
j≡2i−1
mod 2i
α
j+2
0
)
ζ 2i
+ · · ·
+
( ∑
j≡0
mod 2i
α
j+2i−1−1
0 −
∑
j≡2i−1
mod 2i
α
j+2i−1−1
0
)
ζ 2
i−1−1
i .
Now, applying Lemma 3.7 to f (x)=∑2i−1−1l=0 nlxl with
nl =
∑
j≡0
mod 2i
α
j+l
0 −
∑
j≡2i−1
mod 2i
α
j+l
0 ,
we get
nl = 0, l = 0,1, . . . ,2i−1 − 1. (3.9)
In particular, it follows from n0 = 0 that∑
j≡0
mod 2i
α
j
0 =
∑
j≡2i−1
mod 2i
α
j
0
for i = 1,2, . . . , p.
Thus, it is obvious that
2p−1∑
i=0
αi0 = 2
∑
j≡0
mod 2
α
j
0 = 22
∑
j≡0
mod 22
α
j
0 = 23
∑
j≡0
mod 23
α
j
0
= · · · (3.10)
= 2p−1
∑
j≡0
mod 2p−1
α
j
0 = 2p
∑
j≡0
mod 2p
α
j
0 = 2pα00 .
Finally, combining (3.8) and (3.10) we have
2m−2k = trJ (α)= 2
2p−1∑
i=0
αi0 = 2p+1α00 .
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Hence, we get
2m−2k−p−1 = α00 .
Since α00 is an integer,m should satisfy
m> 2k+ p+ 1,
which completes the proof 2
Remark 3.8. Indeed, from (3.9) we can show that
α = α0(ξ)(1− 1˜)= 2m−2k−p−1
(
1+ ξ + · · · + ξ2p−1)(1− 1˜).
The statement of Theorem 3.1 would be useless, if it were impossible to check the
conditions. However, there is a good way to check those conditions as follows.
As before, let K = Ker 6D ⊗ C, L = Coker 6D ⊗ C, and let g = Jν. Suppose that the
action is spin and of even type. Then, by the Lefschetz Theorem of Atiyah and Bott,
2 · Spin(g,X)= tr(g|K)− tr(g|L).
Here, Spin(g,X) is called the spin number of g, and can be calculated by the Atiyah–Bott
fixed point formula [1].
Since the action of J on h has two invariant subspaces on which J acts by multiplication
with
√−1 and −√−1, it is easy to see that
tr(gs |K)= tr(gs |L)= 0, for all odd s. (3.11)
Moreover, by the definition of δ(r) we can get
2 · Spin(gs,X)=
2p−1∑
r=1
ζ srδ(r) (3.12)
for s = 1,2, . . . ,2p − 1. Therefore, δ(r) can be calculated in terms of Spin(gi ,X) and ζ j
explicitly. Thus, we can prove Theorem 1.3.
Proof of Theorem 1.3. In case of p = 2, it follows from (3.12) that
δ(2)=−(Spin(g,X)+ Spin(g3,X)),
which is zero by (3.11). It is also easy to check that ε(0) = δ(2). Thus, ε(0) = 0, which
completes the proof. 2
4. Classifications of spin Z/4-actions on certain spin 4-manifolds
As an application of Section 3, we will give classifications of spin, even Z/4-actions on
homotopyK3, S2 × S2,K3#S2× S2, and K3#K3 surfaces.
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Let τ :X → X be an orientation preserving isometry. Consider the differential
dτP :TPX→ TPX at a fixed point P . Since τ is an isometry ofX, dτP will be an isometry
of TPX. Thus, we may decompose TPX into a direct sum of two orthogonal 2-planes
TPX =E1 ⊕E2,
which are stable under dτP .
Let (ek, e′k) be an orthogonal basis of Ek (k = 1,2), so chosen that
VolP (e1 ∧ e′1 ∧ e2 ∧ e′2)= 1.
Relative to such a basis, dτP is then given by rotations through θk in Ek , and recall that we
call resulting set of angles (θ1, θ2) a coherent system for dτP .The coherent system is well
defined modulo 2pi and up to (θ1, θ2) 7→ (θ2, θ1) or (θ1, θ2) 7→ (−θ1,−θ2), while we can
distinguish between (θ1, θ2) and (θ1,−θ2) because X is oriented.
From now on, we assume that τ generates a spin, even Z/4-action on X. Then, every
fixed point of τ and τ 2 is isolated. If dτP (or dτ 2P ) at an isolated fixed point P has a fixed
tangent vector, the geodesic in that direction would consist of fixed points and P would
not be isolated. Thus, all possible coherent systems for dτP at an isolated fixed point P are
(pi/2,pi/2) or (pi/2,−pi/2). As before, let µ1 and µ2 be the number of fixed points with
coherent systems (pi/2,pi/2) and (pi/2,−pi/2), respectively.
Now, we begin with the proof of a classification of spin, even Z/4-actions on homotopy
K3 surfaces. This classification depends on the classification of spin involutions on
homotopyK3 surfaces in [2].
Proof of Theorem 1.4. First, note that since X is a homotopy K3 surface and so
H1(X;Z/2)= 0, every action is spin.
Suppose that the action is odd. Since τ generates a spin, odd Z/4-action on X, τ 2 is a
spin, odd involution. Thus, its first quotient must have b+2 = 1 by Theorem 1.8 in [2]. It is
then obvious that by Theorem 1.5 in [2] the quotients by all the larger groups must have
b+2 = 1, which completes the first assertion.
Now, suppose that the action is even. Again, we have a spin, even involution τ 2. Thus,
the inequality in Corollary 3.2 is violated, which implies that b+2 (X1)= 3, and N1 = 8 by
the formula
b+2 (X1)= 12b+2 (X)+ 14N1 − 12 . (4.1)
Since τ is a spin, even Z/4-action on a homotopy K3 surface, the first quotient X1 by
τ 2 is a simply-connected, spin orbifold with an involution τ , and its signature σ(X1) is
−8. We can show that X1 is simply-connected as follows. Let F be the fixed point set of
τ 2 on X and denote by the same F the image of F in X1. Since (X−F)→ (X1−F) is an
unbranched covering, it follows that pi1(X1 − F) is cyclic of order 2 generated by a small
loop γ going arou nd F . Given a loop α in X1, we can shrink it to a point. Indeed, since F
has codimension 4, we can deform α so as to miss F . Now, inside X1 − F we deform the
result into a multiple of γ . Finally, if we put back F , we can shrink γ to a point. Note also
that X1 has eight isolated singularities, since N1 = 8.
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In order to apply the classification of spin, even involutions on homotopy K3 surfaces
in [2], we need to resolve those singularities by blowing up the eight singular points. Then,
the resulting manifold X˜1 is smooth, simply-connected, and its signature σ(X˜1) becomes
−16. Thus, X˜1 is again a homotopyK3 surface and so the induced action τ on X˜1 is a spin
involution. Hence, the induced action τ o n X˜1 has two cases. That is either even or odd.
As we pointed out, there are only two different local models for an isolated fixed
point of a spin, even action Z/4-action: in complex coordinates the action is either
(z,w) 7→ (√−1z,√−1w) or (z,w) 7→ (√−1z,−√−1w). Since the exceptional set in the
blow-up is modeled on the projectivization of the tangent space at the blown-up point, the
first type induces a trivial action on the projectivization and thus the fixed point set of the
induced action τ on the X˜1 will consist of complex projective spheres Ci with Ci ·Ci =−2
or 2 for i = 1, . . . ,8. On the other hand, since the induced action of the second type induces
a rotation on the projectivization, the fixed point set of τ on X˜1 on each projectivization
consists of two points.
Now, suppose that the induced action τ on X˜1 is odd. By the classification of Bryan for
spin, odd involutions on homotopyK3 surfaces, we see that b+2 (X˜2)= 1, where X˜2 is the
quotient of X˜1 by τ , and thus by blowing down X˜2 we get X2 with b+2 (X2)= 1. Since τ
is of odd type, the fixed point set of τ on X˜1 consists of 2-dimensional submanifolds and
thus µ2 must be 0.
Using the Lefschetz theorem and the G-signature theorem (see [1] and [10]), we have
χ(X)= 4χ(X2)−N1 − 2(µ1 +µ2),
σ (X)= 4σ(X2)+ 2(µ1 −µ2). (4.2)
Now, combining (4.2) with
b±2 (X2)=−1+
χ(X2)± σ(X2)
2
,
we can get
b+2 (X2)= 14b+2 (X)+ 18 (N1 + 4µ2)− 34 ,
b−2 (X2)= 14b−2 (X)+ 18 (N1 + 4µ1)− 34 .
(4.3)
Since N1 = 8, (4.3) gives b−2 (X2)= 5+µ1/2. Since µ1+µ2 6N1 = 8 and µ2 = 0, µ1
must be 0,2,4,6, or 8, completing the proof of (2)(b).
Now, suppose that the induced action τ on X˜1 is even. Again, by the classification of
spin, even involutions on homotopy K3 surfaces b+2 (X˜2) must be 3 and thus by blowing
down b+2 (X2) = 3. On the other hand, since the induced action τ on X˜1 is of even type
the fixed point set will consist of isolated points. Thus, µ1 must be zero. Finally, using
the formula for b+2 (X2) = 1 + µ1/2 we see that µ2 must be 4, completing the proof of
(2)(a). 2
Example 4.1. Let [z0, z1, z2, z3] be homogeneous coordinates on CP3, and X the quartic
Fermat surface, given as the zero locus of
z40 + z41 + z42 + z43.
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Then, X is a K3 surface. Let τ1 :X→X be the automorphism of CP3 given by
[z0, z1, z2, z3] 7→
[√−1z0,−z1,−√−1z2, z3].
Then τ1 is of order 4, and has four fixed points in CP3, namely, [1,0,0,0], [0,1,0,0],
[0,0,1,0], and [0,0,0,1], none of which lies on X. Thus, (µ1,µ2)= (0,0). It is also easy
to see that τ 21 has two fixed lines on CP
3
l1 = (z0 = z2 = 0) and l2 = (z1 = z3 = 0),
each of which intersects X transversely in four points. Thus, τ 21 has eight isolated fixed
points, i.e., N1 = 8 (see [9] for more details).
Now, we define τ2 :X→X by
[z0, z1, z2, z3] 7→
[√−1z0, z1,√−1z2, z3].
This τ2 is again of order 4, and it is easy to see that N1 = 8 and (µ1,µ2)= (8,0) in the
same way as above.
On the other hand, if we define τ3 :X→X by
[z0, z1, z2, z3] 7→
[√−1z0,−z1,√−1z2, z3],
then τ3 is of order 4, and we see that N1 = 8 and (µ1,µ2)= (0,4).
As an application of Theorem 1.4, we can classify the spin Z/2p-actions on homotopy
K3 surfaces.
Corollary 4.2. LetX be a homotopyK3 surface, and let τ generate a smooth Z/2p-action
(p> 3) onX. For i = 1, . . . , p, letXi be the quotient ofX by the group generated by τ 2p−i ,
and let Ni be the number of the fixed points under τ 2p−i . Then, one of the following is true:
(1) The action is odd and b+2 (X1)= · · · = b+2 (Xp)= 1.
(2) The action is even and
(a) if p = 3 then b+2 (X1)= · · · = b+2 (Xi)= 3 and b+2 (Xi+1)= · · · = b+2 (Xp) = 1
with Nj = 8/2j−1 (16 j 6 i) for i = 1,2,3.
(b) if p > 4 then b+2 (X1)= · · · = b+2 (Xi)= 3 and b+2 (Xi+1)= · · · = b+2 (Xp) = 1
with Nj = 8/2j−1 (16 j 6 i) for i = 1, . . . ,4.
Proof. We will use the classification of spin Z/4-actions on homotopy K3 surfaces and
the blow-up technique to show the classification of spin Z/2p-actions on homotopy K3
surfaces.
First, suppose that the action is odd. Since τ 2p−1 is a spin, odd involution, its first
quotient X1 must be b+2 = 1. Thus, it follows from Theorem 1.5 in [2] that b+2 (X2) =
· · · = b+2 (Xp)= 1, which completes the first assertion of the corollary.
We next suppose that the action is even. We will show only (2)(a). The proof for the
remaining cases can be done by induction and using the fact that Ni must be an integer.
Assume that p = 3. Since τ 22 is a spin, even involution, its first quotient X1 must
have b+2 = 3 and have eight isolated fixed points, i.e., N1 = 8. Also, as in the proof of
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Theorem 1.4 X1 is simply-connected and by blowing up those eight isolated fixed points
we get another homotopy K3 surface Y which admits the spin Z/22-action generated by
the induced map τ . Now, using the classification of spin Z/4-actions in Theorem 1.4 and
blowing down eight exceptional divisors, it is easy to see the claim in (2)(a). 2
Using arguments similar to Theorem 1.4, we can classify spin, even Z/4-actions on
homotopy S2 × S2 surfaces. We have the following
Theorem 4.3. LetX be a homopoty S2×S2 surface, and let τ :X→X generate a smooth
Z/4-action that is of even type. Let X1,X2,N1,µ1 and µ2 be the same as in Theorem 1.4.
Then, b+2 (X1)= 1,N1 = 4 and one of the following is true:
(1) b+2 (X2)= 1 and (µ1,µ2)= (2,2), or (0,2).
(2) b+2 (X2)= 0 and (µ1,µ2)= (0,0), (2,0), or (4,0).
Example 4.4. Let [z0, z1] and [w0,w1] be homogeneous coordinates on CP1. Let
τ :CP1 ×CP1→CP1 ×CP1 be the automorphism given by
[z0, z1] × [w0,w1] 7→
[√−1z0, z1]× [√−1w0,w1].
Then, τ is of order 4, and it is easy to see that τ and τ 2 have four fixed points
[1,0] × [1,0], [1,0]× [0,1], [0,1] × [1,0], and [0,1] × [0,1], i.e., N1 = 4 and moreover
(µ1,µ2)= (2,2).
On the other hand, if we define τ :CP1×CP1→CP1×CP1 by
[z0, z1] × [w0,w1] 7→
[√−1w0,w1]× [√−1z0, z1],
then this τ is again of order 4 and has two isolated fixed points
[1,0] × [1,0] and [0,1]× [0,1] with (µ1,µ2)= (0,2), while τ 2 has four isolated fixed
points [1,0] × [1,0], [1,0]× [0,1], [0,1]× [1,0], and [0,1] × [0,1].
In order to get a non-algebraic example, we can use the complex conjugation. For
example, if we define τ :CP1 ×CP1→CP1 ×CP1 by
[z0, z1] × [w0,w1] 7→
[
z¯1,
√−1z¯0
]× [w¯1,√−1w¯0],
then this τ is of order 4 and N1 = 4 and (µ1,µ2)= (0,0).
Next, we will show a classification of spin, even Z/4-actions on homotopyK3#S2× S2
surfaces. In this case as well as in the cases of S2 × S2 and K3#K3, since the blow-up
technique as in the classification of spin, even Z/4-actions on homotopyK3 surfaces does
not work, we are unable to rule out cases listed in Theorem 4.5 which may not occur.
Theorem 4.5. Let X be a homotopy K3#S2 × S2 surface, and let τ :X→ X generate a
smooth Z/4-action of even type. LetX1,X2,N1,µ1 and µ2 be the same as in Theorem 1.4.
Then, one of the following is true:
(1) b+2 (X1)= b+2 (X2)= 3, N1 = 6, and (µ1,µ2)= (2,4) or (0,4).
(2) b+2 (X1)= 4,N1 = 10, and one of the following is true:
(a) b+2 (X2)= 4 and (µ1,µ2)= (5,5), (3,5), or (1,5).
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(b) b+2 (X2)= 3 and (µ1,µ2)= (7,3), (5,3), (3,3), or (1,3).
(c) b+2 (X2)= 2 and (µ1,µ2)= (9,1), (7,1), (5,1), (3,1), or (1,1).
Proof. Since X is a homotopy K3#S2 × S2 surface, every action is spin and b+2 (X) = 4
and σ(X) =−16. Thus, the inequality in Theorem 1.3 is violated, which implies that the
Z/4-action should be degenerate, i.e., b+2 (X2)= 0 or b+2 (X1)= 4 or b+2 (X1)= b+2 (X2).
Since b+2 (X2) is always positive (see Theorem 1.5 in [2]), if b+2 (X1) 6= 4 then b+2 (X1)=
b+2 (X2). Using (4.1) and (4.3), we get
10+N1 = 4µ2. (4.4)
Hence, if b+2 (X1) is less than 3 then N1 = −2 or 2, which is a contradiction because if
N1 = 2 then the number of fixed points of τ would be greater than or equal to N1 by (4.4).
Thus, b+2 (X1)must be 3. Then, it is easy to see from (4.1) and (4.4) thatN1 = 6 andµ2 = 4.
Since µ1 + µ2 6 N1 = 6 and b−2 (X2)= 5+ µ1/2, µ1 must be either 0 or 2, completing
the proof of (1).
Now, we assume that b+2 (X1) = 4. Then, it is easy to see from (4.1) that N1 = 10. If
b+2 (X2) is equal to 1, then from (4.3) µ2 =−1. Hence, b+2 (X2) must be 2, 3, or 4 and thus
µ2 must be 1, 3, or 5, respectively. Now, if we use the formula for b−2 (X2) again, we see
that µ1 must be odd, completing the proof.
Example 4.6 (J. Bryan). There are cases where we can get an example of smooth, spin,
even Z/4-action on Y1#Y2 as follows. We first start with a spin, even Z/4-action τ1 on
Y1 with a fixed point P and a spin, even Z/4-action τ2 on Y2 with a fixed point Q
such that (dτ1)P and (dτ2)Q have the same (or different) coherent systems. We then
connect summing Y1 and Y2 at P and Q in such a way that the actions τ1 and τ2
extend. Indeed, we can construct many cases listed in (2)(c) of Theorem 4.5 by connect-
summing two spin, even Z/4-actions with different coherent systems, assuming that all
the cases in Theorem 1.4 occur. For example, we can construct a spin, even Z/4-action on
K3#S2 × S2 with (µ1,µ2)= (9,1) by connect-summing a spin, even Z/4-action on K3
with (µ1,µ2)= (8,0) with a spin, even Z/4-action on S2 × S2 with (µ1,µ2)= (2,2).
Finally, we close this section with a classification of spin, even Z/4-actions on homotopy
K3#K3 surfaces. The proof is similar to that of Theorem 4.5.
Theorem 4.7. LetX be a homotopyK3#K3 surface, and let τ :X→X generate a smooth
Z/4-action of even type. Let X1,X2,N1,µ1 and µ2 be the same as in Theorem 4.3. Then,
one of the following is true:
(1) b+2 (X1)= b+2 (X2)= 5,N1 = 10, and (µ1,µ2)= (4,6), (2,6), or (0,6).
(2) b+2 (X1)= b+2 (X2)= 4,N1 = 6, and (µ1,µ2)= (1,5).
(3) b+2 (X1)= 6,N1 = 14, and one of the following is true:
(a) b+2 (X2)= 6 and (µ1,µ2)= (7,7), (5,7), (3,7), or (1,7).
(b) b+2 (X2)= 5 and (µ1,µ2)= (9,5), (7,5), (5,5), (3,5), or (1,5).
(c) b+2 (X2)= 4 and (µ1,µ2)= (11,3), (9,3), (7,3), (5,3), (3,3), or (1,3).
(d) b+2 (X2)= 3 and (µ1,µ2)= (13,1), (11,1), (9,1), (7,1), (5,1), (3,1), or (1,1).
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Proof. Since X is a homotopy K3#K3 surface, every action is spin and b+2 (X) = 6 and
σ(X)=−32. Thus, the inequality in Theorem 1.3 is violated, which implies that the Z/4-
action should be degenerate, i.e., b+2 (X2)= 0 or b+2 (X1)= 6 or b+2 (X1)= b+2 (X2).
Since b+2 (X2) is always positive (see Theorem 1.5 in [2]), if b+2 (X1) 6= 6 then b+2 (X1)=
b+2 (X2). Using (4.1) and (4.3), we get
14+N1 = 4µ2. (4.5)
Hence, if b+2 (X1) is equal to 1 or 2 then N1 would be negative, which is a contradiction.
Thus, b+2 (X1) must be 3, 4, or 5. If b
+
2 (X1) = 5 then from (4.1) and (4.5) N1 = 10 and
µ2 = 6. Using the formula for b−2 (X2)= 20+µ1/2, µ1 must be 0, 2, or 4, completing the
first assertion. Similarly, for b+2 (X1)= 4 we can easily prove the second assertion. Finally,
if b+2 (X1)= 3 we see that N1 = 2 and µ2 = 4, which is a contradiction.
Now, we assume that b+2 (X1)= 6. Then, it follows from (4.1) that N1 = 14. If b+2 (X2)
is less than or equal to 2, then µ2 6−1. Hence, b+2 (X2) must be 3, 4, 5, or 6.
Now, we will prove only the assertion (3)(a) because the proof of the remaining cases is
similar. If b+2 (X2) = 6 then it is easy to see from (4.5) that µ2 = 7. Thus, µ1 6 7. Using
the formula for b−2 (X2), we see that µ1 must be odd less than or equal to 7, completing the
proof. 2
As in Example 4.6, we can construct many cases listed in Theorem 4.7(3c) by connect-
summing two spin, even Z/4-actions on K3’s at two fixed points with different coherent
systems, assuming that all the cases in Theorem 1.4 occur.
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